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Abstract 

Motivated by earlier works we employ appropriate realizations of the affine Hecke algebra and we 
recover previously known non-diagonal solutions of the reflection equation for the Uq(gln) case. The 
corresponding N site spin chain with open boundary conditions is then constructed and boundary 
non-local charges associated to the non-diagonal solutions of the reflection equation are derived, as 
coproduct realizations of the reflection algebra. With the help of linear intertwining relations involving 
the aforementioned solutions of the reflection equation, the symmetry of the open spin chain with the 
corresponding boundary conditions is exhibited, being essentially a remnant of the Uq{gln) algebra. 
More speciflcally, we show that representations of certain boundary non-local charges commute with 
the generators of the affine Hecke algebra and with the local Hamiltonian of the open spin chain for a 
particular choice of boundary conditions. Furthermore, we are able to show that the transfer matrix 
of the open spin chain commutes with a certain number of boundary non-local charges, depending on 
the choice of boundary conditions. 
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1 Introduction 



One of the great achievements in the domain of quantum integrabiUty is the formulation of the quantum 
group approach, a method initiated in ^-[11 and used for solving a set of algebraic constraints known 
as the Yang-Baxter equation. Yang-Baxter equation provides the main framework for formulating and 
solving integrable field theories on the full line 4, and discrete integrable models with periodic (or twisted) 
boundary conditions [HUHl- Let R{X) acting on V®^, satisfy the Yang-Baxter equation (on V*^^) [HIIZI 

Rui^i — A2) -Ri3('^i) -^23(^^2) = -R23(-^2) -Ri3(Ai) Rui^i - A2), (1-1) 

then according to the R matrix may be determined by solving a system of linear intertwining 

relations involving the generators of quantum algebras |21 El El El ^Ij and R. The fact that these 
intertwining relations are linear simplifies drastically the computation of solutions of (jl.lj) . making the 
quantum group approach a powerful scheme for solving the Yang-Baxter equation. However, it was also 
realized in ^ that the R matrix may be written in terms of generators of the Hecke algebra I12j . 
An interesting observation within this context is that one may consider a different route, that is acquire 
solutions of the Yang-Baxter equation by employing realizations of the Hecke algebra. This is actually 
the logic that we try to convey in this work. The reasons why we advocate the Hecke algebraic approach 
are 1) because it provides a universal approach for solving the Yang-Baxter equation as will become clear 
in the following section, and 2) more importantly because this method bears a rather richer variety of 
solutions compared to the quantum group approach (see e.g. ^1E|)- It should be emphasized however 
that the existence of the intertwining relations is of great significance in any case, mainly because it 
allows the systematic study of the underlying symmetry of the corresponding integrable system jl5j-j25j. 

An analogous scenario applies in the case of integrable systems with general boundaries. More specif- 
ically, in addition to the Yang-Baxter equation one more key equation should be implemented, namely 
the reflection equation. Let K{\) acting on V be a solution of the reflection equation (on V®^) |261 127j . 

i?12(Al - A2) i^l(Ai)i?2l(Al + A2) K2{X2) = K2{\2) Rl2{Xl + A2) Kl(Ai) i?2l(Al - A2), (1.2) 

where R satisfies the Yang-Baxter equation (jLlj) . It was recently realized that a generalized quantum 
group approach can be somehow implemented for solving the reflection equation. In particular, boundary 
non-local charges were constructed for the first time in ^7] in the context of the boundary sine-Gordon 
model in the 'free fermion' point. Similarly, in |18j boundary non-local charges were derived for the affine 
Toda field theories with certain boundaries conditions, and the corresponding K matrices were attained. 
The K matrix can be also deduced by solving linear intertwining relations between the K matrix and the 
reflection algebra generators, defined by ()1.2|) (see e.g. CH|~EB)- Note that it as was recently realized 
in |22| that the boundary non-local charges associated to Uq{sl2) case generate the so called tridiagonal 
algebra. 

As proposed in |141 128j an effective way of finding solutions of the reflection equation ()1.2() is by 
exploiting the existence of certain quotients of the affine Hecke algebra jSH] such as e.g. the blob algebra 
[13 m EHl EOl ED, formulating the affine Hecke algebraic method |I3 [H EHl EOl- The boundary 
analogue of the quantum group approach n2|-|221 is not rigorously established yet for the Uq{gln) case 
with boundary conditions arising from ()1.2() . It is therefore desirable to attain solutions of the reflection 
equation via other effective means, such as the affine Hecke approach ^l^^EHHSOj, and then derive 
systematically generators of the reflection algebra. In other words the Hecke algebraic method allows a 
rigorous construction of realizations of generators of the reflection algebra, a fact that makes this process 
quite appealing, further justifying our initial choice of this scheme. 

In this investigation we focus on a special class of integrable lattice models, the integrable quantum 
spin chains. In the first part we review how solutions of the Yang-Baxter equation arise using certain 
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representations of the Hecke algebra. Then the algebraic monodromy matrix and the corresponding closed 
Uq{gln) spin chain^ with N sites are constructed. The asymptotic behaviour of the monodromy matrix is 
examined yielding coproducts of Uq{gln)- In the second part, motivated by earlier works ^^j^HHSOl! we 
present the affine Hecke algebraic method for solving the reflection equation for the Uq{gln) case. Then 
by deriving a non-diagonal representation of the affine Hecke algebra we recover known solutions of the 
reflection equation for the Uq{gln) case, originally found in j32j. It is clear that different representations 
of the affine Hecke algebra lead to different solutions of the however here such an exhaustive study 

of the various representations and the corresponding solutions is not pursued. Once having specified 
the c-number solution we construct a generalized solution of the refiection equation denoted by T, 
from which the transfer matrix of the open spin chain is entailed. The asymptotic behaviour of T is 
examined bearing boundary non-local charges, which are coproduct realizations of the refiection algebra 
(see also ^M,^ |17|-|22j). Furthermore, we exploit the existence of linear intertwining relations between 
the solutions of the refiection equation and the elements of the refiection algebra in order to exhibit the 
symmetry of the transfer matrix of the system for special boundary conditions. That is we show that 
certain boundary non-local charges commute with the corresponding open transfer matrix. Note that the 
derivation of the non-local charges and the symmetry of the open transfer matrix with the aforementioned 
boundary conditions rely on solely algebraic considerations, and therefore these findings are independent 
of the choice of representation. In fact, representations of certain boundary non-local charges turn out 
to commute with the generators of the affine Hecke algebra. As a consequence the local Hamiltonian of 
the open spin chain with a particular choice of boundary conditions, written in terms of the affine Hecke 
algebra generators, also commutes with the representations of the non-local charges. 

A comment is in order on the derivation of the boundary non-local charges. This is in fact the first time 
that conserved boundary non-local charges are derived explicitly for the Ug{gln) case (see also ^j) with 
the so called 'soliton preserving' (SP) boundary conditions |i33ii34j emerging from (|1.2|) . From the physical 
point of view the SP boundary conditions 'compel' a particle-like excitation carrying a representation of 
Uq{gln) to reflect to itself — no multiplet changing occurs. In ^H] on the other hand boundary non-local 
charges were obtained from the field theory point of view, for 'soliton non-preserving' (SNP) boundary 
conditions These boundary conditions force an excitation to reflect to its 'conjugate', i.e. to 

reflect to an excitation which carries the conjugate representation. Let us point out that the remarkable 
feature of the present approach is that allows the investigation of boundary conditions that have not been 
necessarily treated at the classical level, such as the SP ones which will be discussed subsequently. 

2 The Yang— Baxter equation 

In this section the necessary algebraic background is set by reviewing basic definitions regarding the 
Hecke algebras and the affine quantum algebras. We shall briefiy recall how solutions of the Yang-Baxter 
equation arise by exploiting the existence of appropriate representations of the Hecke algebra. Also, 
representations of (affine) quantum algebras will be obtained by investigating the asymptotic behaviour 
of the corresponding closed quantum spin chain. 

^By Uq{gl„) spin chain we mean the model built with the R matrix associated to the Uq{gl„) algebra. 
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2.1 The Hecke algebra 

It will be convenient to rewrite the Yang-Baxter equation in a slightly modified form by introducing 
the object [21 

R{X)=VRiX) (2.1) 

V is the permutation operator acting on V®^: V{a (8) 6) = 6 (8) a for any vectors a, & € V. 
The R matrix satisfies the braid Yang-Baxter equation 

Rui^l — A2) -^23(^1) -^12(^^2) = ^23(-^2) -^12(^1) -R23(-^l — -^2)- (2-2) 

acting on V(8)V(8)V, and as usual R12 = Ri^I, R23 = 1(8 • In what follows we shall recall how solutions 
to the braid Yang-Baxter equation can be obtained using the Hecke algebra TiN^q) of type ^at-i [TTIIT^ . 

Definition 2.1. The Hecke algebra T~LN{q) is defined by the generators gi, I = 1, . . . , N — 1 satisfy- 
ing the following relations: 

(91 - q) (91 + q~^) = 
91 91+1 91 = 91+1 91 91+1, 

[9l,9m]=0, \l-m\>l. (2.3) 

The structural similarity between (|2.2j) and the second relation of (|2.3|) (braid relation) is apparent, it 
is therefore quite natural to seek for representations of the Hecke algebra as candidate solutions of the 
Yang-Baxter equation [2]. 

For convenience an alternative set of generators of TiNiq) may be considered i.e. Ui = gi — q, which 
satisfy the following defining relations 

UiUi = 5 Ui 

Ui Ui+i Ui—Ui= Ui+i Ui Ui^i — Ui+i 

[Ui,Um]=^, |/-m|>l, (2.4) 



where 5 = —{q + q ^) and q = e 
2.2 Solutions of the Yang— Baxter equation 

As pointed out in [2j tensor product representations of HN{q) p '■T~iN{q) —>■ End(V®^) provide solutions 
to Yang-Baxter equation, i.e. 

Ri i^^{X) =sinh(A + i/x) I + sinhA p{Ui). (2.5) 

It is worth remarking that by virtue of the first of the equations ()2.4() the unitarity of the R matrix, can 
be verified, i.e. 

R{X) R{-X) ocl, A 7^ ±ip. (2.6) 

Let now V = C" and 

{eij)ki = ^ik Sji (2.7) 
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define also the matrix U on (C")*^^ of the form j^]: 

n 

U= Yl (^^i ^ - Q~'''"^'~'^eii e,j). (2.8) 

Then the following representation is obtained p : T~Ln{(i) ~^ End((C")'^^) such that 

p{Ui) = I(g)...«)f7® ...(g)! (2.9) 

acting non-trivially on (g) V^+i. As noted in [2j the latter solution (|2.5j) . (|2.8|1 . (|2.9|1 corresponds to the 
fundamental representation of the Uq{gln)- 

From (|2.1() and (|2.5() it follows that the matrix in the fundamental representation can be expressed 

as 

R[X) = 7'(sinh(A + i/x) I + sinh A U). (2.10) 

It immediately follows from ()2.6() that the R matrix is also unitary, in particular 

R{\) R{-\) oc I where R{\) = V R{\) V. (2.11) 

Notice that the lower indices of the R matrix are omitted in 1)2.10(1 'index free' notation. A useful remark 
is in order here, note that whenever we write R ('index free' notation) we simply mean that the R matrix 
acts abstractly on V®^. Ri^ on the other hand acts on specific spaces (g V^, where the indices /, m 
denote the position in a tensor product sequence of spaces Vi ig) V2 ig) . . . V; (g) . . . ig) ® ■ ■ In fact a 
more general remark can be stated: consider the operator O ('index free' notation) acting on V®*^^ then 
Oi^i2...ij^i acts specifically on Vj^ (g) Vjj (g . . . (g) V^J^,^, again the indices ij^ j € {1, . . . , M} characterize 
the position in a tensor product sequence. 

The R matrix (|2.10|) is written in the homogeneous gradation, it can be however given in the principal 
gradation by means of a simple gauge transformation (see e.g. ^^), namely 

iig(A) = Vi(A)4?(A) Vi(-A) (2.12) 

where 

2 \ {n-l)2 , 

V{X) = diag{l, en^, ...,e^^^). (2.13) 

It is instructive to write down explicit expressions for the R matrix in both homogeneous and principal 
gradations: 

n n n 

i?(^)(A) = a(A) en (g> in + b{X) ^ en (g> ejj + c ^ e'^^'^^'-^^^eij (g> eji 

i=l i+j='y «5^i=l 

n n n 

R^P\\) = a{\) Y en eu + 6(A) ^ eu ® e,j + c ^ e^(^-^^i~'3^^'~^^^% ® ej„ 

i=l i¥'j='^ i¥'j='^ 

a(A) = sinh(A + i/i), 6(A) = sinhA, c = sinhi/x. (2-14) 
The latter R matrices ()2.14() satisfy in addition to unitarity (|2.11() the following relations: 

R\\{X) Ml R%{-\ - 2ip) Mf ^ oc I, (2.15) 



4 



where we define M as: 



Mij = e*'^^" ^ homogeneous gradation 



Mij = 6ij, 

i,j € {1, . . . ,n} 



principal gradation 



and 



Ml M2, Ri2{X) 



(2.16) 
(2.17) 



2.3 The quantum Kac— Moody algebra Uq{sln) 

It will be useful for what is described in the subsequent sections to recall the basic definitions regarding 
the affine quantum algebras. Let 



aij = 26ij - {6i j+i + Si j-i + Sii Sjn + 5m Sji), i, j € {1, . . . , n} 
be the Cartan matrix of the affine Lie algebra sln'^ j4()j . Also define: 



[mW- = n W'" M'?' = 1 



m 
n 



[m]q\ 



[n]q\ [m - n\g\ 



k=l 

, m > n > 0. 



(2.18) 



(2.20) 



Definition 2.2. The quantum affine enveloping algebra Uq{sln) has the Chev alley -Serre generators 
/i! y 2 , i g {1, . . . , n} obeying the defining relations: 



g 2 , g 2 







q2 Cj = ^^Cj q~ 



J fj 



5ij ^, i,j e {1,... ,n} 

q-q-^ 



(2.21) 



and the q deformed Serre relations 

l-aij 

E (-1)" 



re=0 



1 - Oi 



n 



^ " Xj Xr = 0, XiG{ei, /i}, i/j. 



(2.22) 



Remark: The generators e^, /j, f/^'** for z G {l,...,n — 1} form the Uq{sln) algebra. Also, q^^* = 
q±{ei-ei+i) ^ where the elements q'^'^^ belong to Uq{gln)- Recall that Uq{gln) is derived by adding to 
Uq{sln) the elements q^^^ i G {1, . . . , n} so that q^i=i'^i belongs to the center (for more details see 0). 
Furthermore, as noted in |2j there exist the elements £ij G Uq{gln) i 7^ j, with £i j+i = Cj, £i+i i = fi 
i G {1, . . . n — 1} and 



£ij = £ik £kj - i^^£kj £ik, j $k^i, i,j e {I,... , n}. 



^For the sh case in particular 



Uij = 2Sij — 2{Sii 5j2 + Si2 Sji), i, j G {1, 2} 



(2.23) 
(2.19) 
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It is clear that Sij G Uq{gln) because they can be written solely in terms of the generators ej, /j, 
i €{!,... ,n- 1}. □ 

The algebra A = Uq{gln) is equipped with a coproduct : A® A such that 

A(ei) = g"^ + y 09^, y G {e», /i}, A(g=^t) = O (2.24) 



It will be useful to define also /S.' : A ^ A A. Let 11 be the 'shift operator' 11 : Ui®U2 U2®Ui 
then 

A'(x) =noA(2;), xeA. (2.25) 

The L-fold coproduct may be derived by using the recursion relations 

A(^) = (id ® A(-^-i))A, A'(^) = (id (g) A(^-i))A'. (2.26) 

As customary, A^^^ = A and A^-^) = id. Finally by using H2.26() we may derive explicit expressions for 
any L as: 

^ h h h h 

A'-'^Hv) = '^q~^ (S) ...'Siq~^ ® ® . . . (S) , y & {ei, fi} 

/ position 

A(^)(^±t) = g±T 0...0g±T. (2.27) 

The opposite coproduct A^^''°p{x) can be also derived from A^^\x), x ^ A (|2.27|) by q^^ — > q^^ . We 
should note that for general L A^^^"p{x) ^ A ^^\x), and they only coincide when L = 2. Note that for 
ejj /i) ^ £ {1; • • • ) — 1} the coproducts are restricted to the non-affine case. 

2.4 Evaluation representation and LcLx operators 

It will be useful for the following to consider the universal TZ matrix, which is a solution of the universal 
Yang-Baxter equation, 

7^12 7^13 7^23 = ^23 ^13 ^12. (2.28) 

♦ Homogeneous gradation: Let us now consider the evaluation representation ^ ttx '■ A ^ End(C") 
defined as^: 

TTxici) = ea+i, TTxifi) = ii+ii, Trx{q^) = q^^^"~^'+' '+^\ i=l,...,n-l 

^A(en) = e-2^e„i, nxifn) = e^^e^, nxiq'^) = q'^^'^-'^'l (2.30) 

It follows from (IT^ . (TO) and TTM that 

TJ'o{£ij) = -n-oiiij) = eij i, j G {1, . . . , n}. (2.31) 

■^Also, 

7vx{q^) = q^ (2.29) 
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Then define the Lax operator 

£.{X) = (vTA ® id)7^ also R{Xi - A2) = (ttx^ ® ^aJ^- (2.32) 

R G End((C"')®^) satisfies apparently the Yang-Baxter equation while £ G End(C") (81 ^ satisfies 

a fundamental algebraic relation, which is immediate consequence of 1)2.28(1 and l|2.32() 

Rabih - A2) CaiXl) A(A2) = A(A2) /:a(Al) Rabi^l " A2). (2.33) 

Note that the algebra defined by ()2.33|) is endowed with a coproduct A : A ^ A<^ A i.e. 

n 

(id0A)£(A) = £i3(A) A2(A) Cij{X) = ^£kj{X)^C,k{X), i, j e {1, . . . ,n}. (2.34) 

fc=i 

A solution of the above equation ((2.33|) may be written in the simple form below (see also j41j-j43|l 

£{X) = e^£^ -e-^£-, (2.35) 
with the matrices C~ being upper (lower) triangular, i.e. 

n n 

= ^ eij®tij, = X] ^ij^t^j- (2.36) 

i<j=l i>j=l 

^iji ^ij ^ Uq{gln) are defined explicitly in appendix A, and they also form simple coproducts as shown in 
appendix A (|A.3|) . It can be verified by inspection that the Lax operator and the R matrix satisfy the 
following linear intertwining relations (see e.g. [2l 13} I44j ) 

(vTA ® id)A'(x) C{X) = C{X) (^A ® id)A(x), 

(vTA ® ^o)A'(x) R{X) = R{X) {ttx ® ^o)A(x), x e A. (2.37) 

Actually, once having verified such relations for the known R matrix generalized intertwining relations 
(|2.37() can be derived, and the Lax operator C may be deduced. 

♦ Principal gradation: The evaluation representation in the principal gradation can be obtained by 
virtue of the gauge transformation 

7rA(x) = V(A) 7rA(x) V(-A), xeA (2.38) 

where V(A) is given by ()2.13|) . Then we can write vf a : .4, — >■ End(C") such that 

^x{ei) = e-^ea+i, nxifi) = Ci+n, nx{q^) = q^^'^"~^'+^ '+''\ i = l,...,n-l 
vfA(en) = e"^e„i, vfA(/„) = e^ei„, 7fA(g^) = g^C^-"'^"). (2.39) 

Note that ttq = ttq. The C matrix in the principal gradation takes then the following form 

n 

-^(^) = Yl ® 2sinh(A + i/iei) + ^ e((*-^')^+i)^(l - Sil5jn)e^j Uj + e^-^^e„i t^^ 

i=l i<j 

_ ^ e(i^-i)i-^)\l - 5in5j{)hj ^ tr. - e'^+i^ivn ® t?". (2.40) 

i>j 
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The elements t^n ^^'^ ^ni associated to the affine generators (see appendix A). Intertwining relations 
as in H2.37() for the Lax operator C in the principal gradation also hold with vr — > fr . 

Finally it can be directly shown that p{Ui), and via (|2.5|) the R matrix, commute with the Uq{gln) 
generators. Indeed, it is straightforward to show for N = 2 that 



p{Ui), Tr^\A{x)) = RuiX), Tr^\A{x)) =0, x G C/,(g/„) 



Then from TTm and p{Ui) ((TBI), i* follows for any N 



(2.41) 



/^(Z^z), <^(AW(x))] = [^M+i(A), <^(A(^)(x))] =0, xGU,{gln), I e {1, . . . N - 1}. (2.42) 

The latter relations will turn out to be instrumental in the study of the open spin chain Hamiltonian as 
will be clear in section 4. 



2.5 The closed spin chain 

Tensor products of the quantum algebra may be now considered yielding the N site closed spin chain. This 
construction is achieved by using the Quantum Inverse Scattering Method (QISM) an approach initiated 
in 1^1 , providing also one of the main motivations for the formulation and study of quantum groups 

oiHiiniiii]- 

The first step is to introduce the monodromy matrix r(A) G End(C") (8) being also a solution of 
1)2. 33(1 and defined as 



ro(A) = (id A(^))/:(A) = CoNiX) Co N-liX) . . . ^02(A) £01 (A). 



(2.43) 



The notation Cqi implies that C acts on (8) ... ^ . • •, where the numbering in the 

position / position 

tensor product sequence is considered from to A^. Traditionally the indices / G {1, . . . , N}, associated 
to the so called 'quantum' spaces, are suppressed from T, and we only keep the index corresponding 
to the so called 'auxiliary' space. Here, the homogeneous monodromy matrix is considered for simplicity, 
although we could have added inhomogeneities 0^ at each site of the spin chain (see e.g. (MI)- We 
could have also chosen a different representation for the auxiliary space, but in order to keep things 
uncomplicated we consider it to be n dimensional (fundamental representation). Such a choice simplifies 
dramatically the subsequent computations without however reducing their generality. 



The transfer matrix of the system, is simply defined as the trace over the 'auxiliary' space, i.e. 



tiX) = tro To (A) 

thus t{X) is an element of A'^^ . It can be then shown via (|2.33|) that [Hj 



t{X), t(A') 



0, 



(2.44) 



(2.45) 



a condition that ensures the integrability of the model. As no representation has been specified on the 
'quantum' spaces, our description is purely algebraic at this stage, that is the entailed results are inde- 
pendent of the choice of representation, and thus they are universal. It is not until we assign particular 
representations on the 'quantum' spaces that the algebraic construction (|2.43|) . (|2.44|) . consisting of N 
copies of A, acquires a physical meaning as a quantum spin chain. Once having specified the representa- 
tions of the quantum spaces one may diagonalize the transfer matrix (|2.44)1 . which is the quantity that 
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encodes all the physical information of the system, and derive the corresponding Bethe ansatz equations 

Generalized intertwining relations may be obtained by induction from (|2.37|) for the monodromy 
matrix H2.43() as well (see also ^lEl)) 

(vTA id®^)A'(^+i)(x) T(A) = r(A) (vTA ® id^^)A(^+i)(x), xeA, (2.46) 

^(-^+1) is treated as a two site coproduct in such a way that on the first site the representation vr;^ 
acts, while on the 'second' site — which is a composite of sites — id^^ acts (no specific choice of 
representation for the quantum spaces) see also 1)2. 26() . The intertwining relations (|2.46l) yield important 
commutation relations between the generators of A and the entries of the monodromy matrix, enabling 
the investigation of the symmetry of the transfer matrix jl51 116j . as will become clear later. For the 
closed spin chain, for generic values of q no symmetry has been identified for the transfer matrix. It is 
actually the open spin chain -which will be discussed later- with special boundary conditions that enjoys 
the full Uqigln) symmetry |47| I48 ( HO] . The symmetry of the closed spin chain has been only derived for 
the case where q is root of unity ^Hl, [Snj~[^- In particular, as argued in ^S]) inHj-IHSj the periodic or 
twisted spin chain, for q root of unity, enjoys the sin loop algebra symmetry. 

We should finally mention that intertwining relations of the type (|2.46j) for the monodromy matrix 
in the principal gradation may be deduced by acting on 1)2. 46|) with the gauge transformation Vo(A) and 
using also ()2.12)) . In particular, the monodromy matrix satisfies the same form of relations ()2.46j) but 
with (tta ^ tta)- 

2.6 Non-local charges 

The asymptotic behaviour of the monodromy matrix will be investigated for both the homogeneous and 
principal gradation. The reason why such an investigation is of great relevance is because it bears, as 
will become clear, coproducts of A (see also e.g. (HI HT]). 

♦ Homogeneous gradation: We shall first examine the asymptotic behaviour of the monodromy matrix in 
the homogeneous gradation, which provides coproducts of Uq{gln)- In the following the asymptotic forms 
of C and T are treated as n x n matrices with entries being elements of Uq{gln), Uq{gln)'^^ respectively. 

The £ matrix (|2.|-i5)) . (|2.H6j) as A — > ±00 reduces to an upper (lower) triangular form (recall that 
g = e*^, also for the asymptotics we consider fi to be finite) 

C{X ±00) cx £^ (2.47) 

where indeed the matrices C'^ (£ ) are upper (lower) triangular matrices, with entries being elements 
of Uq{gln) and given in (|2.36|) . It is then straightforward from 1)2.43(1 and 1)2. 47(1 to write down the 
asymptotic behaviour of the monodromy matrix as A ^ itcxD, i.e. (here for simplicity the 'auxiliary' 
space index is suppressed from T ()2.43() ') 

r(A^±oo) ocT±(^). (2.48) 

As expected the matrices T^^^^ are upper (lower) triangular with the non-zero entries being elements of 

Uqiglnr"": 



9 



Let us stress that ah the above expressions are independent of A, and the coproducts appearing in 
(|2.49() are restricted to the non-affine case, providing tensor product reahzations of Uq{gln)- The alge- 
braic objects T^^^\ provide actually coproducts of the upper lower Borel subalgebras respectively. 

♦ Principal gradation: In order to extract expressions associated to the affine generators of A it is 
convenient to consider the asymptotic expansion of the monodromy matrix in the principal gradation. 
In this case we keep in the T(A oo) expansion zero order terms and e^"'^ terms as well |16) . The 
asymptotic behaviour of C in the principal gradation (|2.4U|) as A ^ ±00 is given by (see also [TH]). 

£(A^±oo)a(L>^ + e^t^5± + ...), (2.50) 

where the non-zero entries of the D^, matrices are elements of A, 

^fi^'^ti^^ {!,..., n}, B^^=t^i, -^ln = *ln' 

i?+i+i=t.m, . = i, iG {!,..., n-1}. (2.51) 
Consequently, the asymptotics of the monodromy matrix take the form 

r(A ^ ±00) oc (D±(^) + e^^^S±(^) + . . .) (2.52) 
with the non-zero entries of and B^^^^ being elements of A^^ given by: 

A?^) = A(^)(4i), B^r = A(^)(t°i), S-j^^ = AW(t;-) 

= A(^)(t. .+1), b;}^\ = A^^'Ht-^, .). (2.53) 
Recall that tij, f^-, t^^, t\~ and their coproducts are defined in appendix A. 

The lowest orders of the monodromy matrix asymptotics in both homogeneous and principal gradation 
gave rise, as expected, to coproduct realizations of A. The entailed quantities (|2.49j) . (|2.5.Sj) are the non- 
local charges, which for the periodic case for generic values of q do not commute with the transfer matrix 
of the system. Our intention is to generalize the process described so far, when open integrable boundaries 
are implemented. In this case it turns out, as we shall see in the subsequent sections, that some of the 
induced non-local charges are conserved quantities. 



3 The reflection equation 



After the brief review on the bulk case we may now present the main results regarding the boundary case. 
In particular, solutions of the reflection equation for the Uq{gln) case will be obtained by means of the 
affine Hecke algebra jl4 (l28| inn]. Once having available solutions of the refiection equation we shall be able 
to construct the corresponding open spin chain, and extract the boundary non-local charges along the 
lines described in jlS| I16j. Exploiting the existence of intertwining relations analogous to (|2.37|) . (|2.46jl 
we shall show that certain boundary non-local charges are conserved quantities, that is they commute 
with the transfer matrix of the open spin chain. The approach that is discussed in the following may be 
thought of as the boundary analogue of the bulk case described in the previous sections. 



3.1 The afRne Hecke algebra 

As in the case of the Yang-Baxter equation it will be convenient to rewrite the refiection equation (|1.2)1 
in a modified form i.e. 

^i2(Ai - A2) i^i(Ai) i?i2(Ai + A2) i^i(A2) = i^i(A2) i?i2(Ai + A2) i^i(Ai) i?i2(Ai - A2) (3.1) 
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acting on V iX) V, and as customary Ki = K ®I, K2 = 1® K. The main objective now is the derivation 
of solutions of ()3.1|1 by employing representations of the affine Hecke algebra 1291. 



Definition 3.1. The affine Hecke algebra 'H^{q,Q) is defined by generators gi, I G {1,...,A^ — 1} 

satisfying the Hecke relations \2. and go obeying: 



91 90 91 90 = 90 91 9o 9i, 



90, 91 



0, 1>1. 



(3.2) 



The algebra H3.2() is apparently an extension of the Hecke algebra defined in H2.3|) . Notice again the 
structural similarity between ()3.1() and the first relation of ()3.2|1 . which suggests that representations of 
'H%{q-,Q) should provide candidate solutions of the reflection equation ^H]. However, the affine Hecke 
algebra is rather 'big' to be physical, it is thus quite natural to restrict our attention to quotients of 

n%{q,Q) mm- 

Definition 3.2. A quotient of the affine Hecke algebra, called the B-type Hecke algebra BN{q,Q), is 
obtained by imposing in addition to \2. h'j. an extra constraint on go, namely 



{90 - Q){9o + Q-') = 0. 

We can again choose an alternative set of generators of the -B-type Hecke algebra Ui = gi 
^0 = 9o — Q where Ui satisfy relations (|2.4I) and 

Uo Uo = 60 Uo 

Ui Uo UiUo — n Ui Uo = Uq Ui Uq Ui — k Uo Ui 



(3.3) 
q and 



Uo, Ui 



0, l>l 



(3.4) 



^0 = —{Q + Q ^) and K = qQ ^ + q ^Q^. We are free to renormalize Uo and consequently 5o and k (but 



still ^ 



We shall be mainly interested in representations of a quotient of the i3-type Hecke algebra denoted 
as CBm and defined by relations (|2.4|) . (|3.4|) and the additional constraint, 



Ui Uo Ui Uo = K Ui Uo or equivalently Uo Ui Uq Ui = k Uo Ui . 



(3.5) 



3.2 Solutions of the reflection equation 

It was shown in |141 128j that tensor representations of quotients of the affine Hecke algebra provide so- 
lutions to the reflection equation. For our purposes here we shall make use of the following: 

Proposition 3.1. Tensor representations ofTCN{q) that extend to B]\f{q,Q), P ■ BN{q,Q) End{Y'^'^) 
provide solutions to the reflection equation, i.e. 

K{X)=x{X)I + y{X)p{Uo), (3.6) 

with 

x(A) = —(5ocosh(2A -|- i^) — K cosh 2A — cosh 2i/xC y(A) = 2sinh2A sinhz^u. (3.7) 

^The form of the constants So and k follow from the choice Ui — gi ~ q, Uo ~ go ^ Q and from the first relation of 12.311 
and also 13.21 . 
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Proof. This may be shown along the hnes described in jl4M28j . In particular, the values of x(A) and y{X) 
can be found by straightforward computation, by substituting the ansatz (|3.6|1 in p.ljl and also using 
equations (|2.4|) . (|3.4j) . Also, ( in (|3.7jl is an arbitrary constant. ■ 

In analogy to the bulk case H2.6|) . H2.11() we should mention that by means of the extra constraint 
(|3..S|) (equivalently the first of relations (|3.4|) ) the unitarity of the solutions (|3.6j) can be shown, i.e. 

K{\) K{-X) oc I, x{\) / 0. (3.8) 

We shall hereafter focus on specific representations of CB^. In particular, we shall introduce a new 
representation of CBm- Let [/q be a n x n matrix given by 

Uo = -Q~^eii-Qenn + ein + eni- (3.9) 
Then define the matrix M on End((C")®^): 

M = —^——Uq®1...®1 (3.10) 

acting non-trivially on Vi (V = C"). 

Proposition 3.2. There exists a representation p : CBn — End{{C'^)^^) such that p{bli) are defined by 
113), and p{Uo) = M. 

Proof: It can be proved by direct computation using the property iij iki = Sjkhu that the matrices 
p{Ui) (EHI) and p{Uq) satisfy relations (jZH), (|331), (jSJ, and hence they indeed provide 

a representation of CBn ■ ■ 

Note that in [20] an analogous representation of the blob algebra generators is presented. Also in j28j 
diagonal representations of quotients of the affine Hecke algebra are considered, and they can be attained 
from our representation ()3.9() . 1)3. 1U|) in the limit — s- oo. 

For the representation of Proposition 3.2 in particular it is convenient to set Q = ie*'^™ then we obtain 

smhipm sinhi/i(m — 1) ^o-hn 

Oo = ^-r-. , K= r-r-r • (3.11) 

smhz/i slnh^/x 

Let us finally write the entries of the n x n K matrix using (|3.6() . Proposition 3.2 and (|3.11() : 

Kn{X) = e^''* cosh z/i77i — cosh2i;U(^, Knn{X) = e^^^ coshipm — cos\i2ipQ 

Kin{\) = Kni{\) = — 2sinh2A, Kjj{\) = cosh(2A + imp) — cosh2i;uC, 

j G {2,...,n-l}. (3.12) 

The K matrix (|3.12|) is written in the homogeneous gradation, however one can easily obtain the K 
matrix in the principal gradation via the gauge transformation 

K^P){\) = V(A) K^^\X) V(A) (3.13) 

recall V(A) is given in (|2.13|) . Then we can write explicitly: 

K^^iX) = Kn(A), i^^j(A) = e2("-i)^^i^„„(A), 

= = e("-^)^i^i„(A), K^fiX) = e(2^-2)i^i^,,(A) 

J G {2,...,n-l}, (3.14) 
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with Kij{X) given by ((21121) • 

It is instructive to compare our solution (|3.14|) with the solution found in [22] for the Uq{gln) case in 
the principal gradation, which reads as: 

<^^(A) = Pa^ sinh(e+ - Kii^\X) = /,,+e("-^)^ sinh(.+ + 

k[^^\\) = prf+e(5-i)^sinhn0, K^^^\\) = p^+e^'^'^^'^ siuhnO 

K^^f^\x) = p,+e(2^-2-'^)^ sinh(6+ + ^) + pt+e^'^-'-^'>' sinhnO, j e {2, . . . ,n - 1} (3.15) 
and the constants appearing in (|3.15j) satisfy 

Pc+Pd+ = Pb+{Pb+ + Pa+e~^+). (3.16) 

We can consider pc+ = Pd+ without loss of generality (see also JH])- Let = A, and also multiply 

(TnH) by i, and (ITT^ by ^ (note that we are free to multiply the K matrix by any factor, because it 
is derived up to an overall multiplication factor anyway). Then the expression for the K matrix in the 
principal gradation (|3.14j> coincides with (|3.15|1 provided that the following identifications hold (see also 

my- 

e-'+^ = -2i cosh ipm, e'+ ^ = -2icosh2ipC and ^ = ie^^'". (3.17) 

Pc+ Pc+ Pc+ 

The latter identifications H3.17() are compatible with the restrictions imposed upon the constants (|3.16|) 
appearing in the solution (|3.15|) . Note that the solution we find for n = 2, in the principle gradation 
H3.14[) . coincides with the two dimensional solution found for the Uq{sl2) case |331 153j . 

A comment is in order regarding the solutions of the reflection equation (|1.2j) . It is possible to acquire 
other solutions of the reflection equation ()1.2() for the Uq{gln) case, using different representations of 
quotients of the affine Hecke algebra. Such an exhaustive analysis although of great relevance is not 
attempted here, but it will be undertaken in detail elsewhere. In this work our main aim is to simply 
illustrate the Hecke algebraic method as a systematic means for solving the reflection equation for systems 
associated to higher rank algebras, and also provide at least one non-trivial representation of the S-type 
Hecke algebra JSUl), (|3ln|l . 

3.3 The reflection algebra and the open spin chain 

Having at our disposal c-number solutions of ()1.2|) we may build the more general form of solution of 
H1.2() as argued in |^. To do so it is necessary to define the following object 

t[\) = C-^[-\). (3.18) 

Although the expression for is quite intricate we shall only need for the following the asymptotic 
behaviour as A — > cxd. 

The more general solution of (|1.2)) is then given by |27j : 

1C(A) = £(A - 9) (K(A) ® I) £(A + 9), (3.19) 

where K is the c-number solution of the reflection equation, 9 some times is called inhomogeneity and 
henceforth for simplicity we shall consider it to be zero. In fact, in K one recognizes a 'dynamical' 
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(quantum impurity type) solution of the reflection equation (see e.g. ^Ij, [33]~inn])- The entries of K are 
elements of the so called reflection algebra R with exchange relations dictated by the algebraic constraints 
(|1.2j) . (see also |27j, |57jl. It is clear that the general solution (|3.19jl allows the asymptotic expansion 
as A — > oo providing the explict form of the reflection algebra generators, as we shall see in subsequent 
sections. The first order of such expansion (in the homogeneous gradation) yields the generators of the 
boundary quantum algebra B{Ug{gln)), associated to Ug{gln), which obey commutation relations dictated 
by the defining relations (|1.2|) as Aj — s- oo. The boundary quantum algebra is essentially a subalgebra of 
Uq{gln) and M, and provides the underlying algebraic structure in reflection equation exactly as quantum 
groups do in the Yang-Baxter equation. 

One may easily show that all the elements of the reflection algebra 'commute' with the solutions of 
the reflection equation (see also jl8j). In particular, by acting with the evaluation representation on the 
second space of (|3.19|) it follows: 

(id 7r±A)IK(A') = i2(A' T A) (K(A') O I) R{\' ± A). (3.20) 

Now recalling the reflection equation (|1.2|) and because of the form of the above expressions it is straight- 
forward to show that 

(id ^a)IIC(A') (I K{X)) = (I K{\)) (id O ^_a)IK(A') (3.21) 

and consequently the entries of IK in the evaluation representation 'commute' with the c-number K matrix 
(l3T2]) 

7rA(K,,(y)) K{\) = K{\) ^_A(Ki,(AO), i,] G {l,...,n}. (3.22) 

In fact, we conclude that any solution of the reflection equation commutes with the elements of the 
reflection algebra and the opposite. Relations analogous to 1)3. 22() can be deduced for the K matrix in 
the principal gradation (|3.14|) by multiplying l|3.22|) with V(A) from the left and right. Equations (|3.22|1 
may be thought of as the boundary analogues of the 'commutation' relations 1)2. 37(1 . 

The reflection algebra is also endowed with a coproduct inherited essentially from A. In particular, 
let us first derive the coproduct of C, which is a consequence of (|2.33j) i.e. 

n 

(id® A)£(A) = A2(A) A3(A) ^ A(Aj(A)) = ^Afc(A)®4j(A) i, j€{l,...,n}. (3.23) 

k=l 

It is then clear from ()2.34|) , 1)3. 23(1 that the elements of M form coproducts A : M ^ M (8) such that (see 
also [lEl) 

n 

A(ICi,(A)) = ^ki{X) ® C,k{\) 4(A) h j e {l,...,n}. (3.24) 

k,l=l 

Our main aim of course is to build the corresponding quantum system that is the open quantum spin 
chain. The open spin chain may be constructed following the generalized QISM, introduced by Sklyanin 
j27j . To achieve that we shall need tensor product realizations of the general solution 1)3. 19(1 . We first 
need to define 

fo(A) = (id ® A(^))£(A) = £oi(A) . . . £oiv(A) (3.25) 
then the general tensor type solution of the p.2j) takes the form 

%{\)=To{\) K^^\\)fo{X), (3.26) 
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where the corresponding entries are simply coproducts of the elements of the reflection algebra, namely 

7;,(A) = AW(]Ki,(A)). (3.27) 

Notice that relations similar to ()3.22|) may be derived for the more general solution of the reflection 
equation T®. By virtue of these relations the commutation of the transfer matrix with certain non-local 
charges will be shown in a subsequent section. The derivation of the generalized intertwining relations 
follows essentially from the reflection equation (|1.2j) . the intertwining relations (|3.22|) . and the form of 
the tensor solution T. 

Proposition 3.3. Generalized linear intertwining relations for the T matrix it^. 2b]) are valid, i.e. 

(vTA «rf^^)A'(^+i)(Kij(A')) T(A) = T(A) (vt^a ® i(f^^)A'^^+^\KijiX')). (3.29) 

Proof: Intertwining relations for the monodromy matrix have been already established in (|2.46|) . in fact 
it is clear due to the form of H2.33() that these relations hold for all elements £jj(A'), jCij{X'). Analogous 
relations may be obtained for the T matrix. Indeed, recall that C{X) = /3~^(— A), then using (|2.43j) and 
H3.25() we have 

f{X) = T-\-X), (3.30) 

and we conclude that 

(7r_A »id®'^)A(^+i)(a;) ^(A) = f (A) (vt^a ® id®'^)A'(^+^)(a;), x G {A,(A'), A,(A')}. (3.31) 

Having established the fundamental relations H2.46() . ()3.31|) for the monodromy matrices T and T we can 
now turn to the boundary case and establish similar relations for the operator T. 

From equations (|2.46l) . H3.31() and because of the form of the elements of the reflection algebra ()3.19|) 
it follows that 

(7rA0id®^)A'(^+i)(ICi,(A')) r(A) =r(A) (^a id®^)A(^+i)(]fC,,-(A')), 

(7r_A id®^)A(^+i)(Ky(A')) r(A) = f (A) (^_A ^ id®^)A'(^+i)(Ky(A')). (3.32) 

Furthermore, due to it is clear that 

(vTA id®^)A(^+i)(]Ki,(A')) K{X) = K{X) (7r_A ® id'^^)A^^+^\Ki,{X')). (3.33) 

Finally, using the equations (|3.32|) . (|3.33|) combined with (|3.2(ij) one immediately obtains (|3.29|) . Rela- 
tions (|3.29|) hold also for T in the principal gradation (with tta ^ vta)- ■ 

We can now introduce the transfer matrix of the open spin chain j27j . which may be written as 

t{X) = Tro {Mo K^^\x) To (A)}. (3.34) 

is a solution of the reflection equation (|1.2|) and i^(')(A) = K{—X — ifi'^Y with K being also a 
solution of ()1.2() . not necessarily of the same type as K^''\ and M is defined in ^T^. 

®The operator T in principal and homogeneous gradation are related via the gauge transformation 12.121 , 

T^"^ ( A) = Vo (A) To"') (A) Vo (A) (3.28) 
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It can be proved using the fact that T is a solution of the reflection equation that j27j 



t{X), t(A') = (3.35) 

which ensures that the open spin chain derived by (|3.34jl is also integrable. Notice that as in the periodic 
case our construction is purely algebraic since the 'quantum spaces' are not represented, but they are 
copies of A. 

♦ The Hamiltonian: It is useful to write down the Hamiltonian of the open spin chain. For this purpose we 
should restrict our attention in the case where the evaluation representation acts on the quantum spaces 
as well and C{X) -R(A), i3(A) — > i?(A) = i?*(A) (t denotes total transposition). The Hamiltonian is 
proportional to ■^t{X)\x=o |33], in particular we choose to normalize as: 

Here we consider K^''^ = I, also R is given by (|2.1U() . K^'''^ = K hy 1)3. 6|) (homogeneous gradation) and p 
is the representation derived in Proposition 3.2. 

Then having in mind that -R(O) = R{0) = sinhi^u V, K{0) = x{0) I and also define 

Hki = -\^iT^ki RkiW) (3.37) 

we may rewrite the Hamiltonian as 

^ ^ sinhz/i / , tvQ Mq Hj\^q 



1=1 

Finally by taking into account that 



m m = --(cosh.^ P{l)+Pm), ,,^Mo = - 2 troMo ' 

tro Mo Um ,^ . 

troMo 

(co is a constant depending on n, and Uno = Uon{q —>■ Q~^) (|2.8|) see Appendix B) we conclude that the 
Hamiltonian ()3.38|) can be written as 

„=-igpM)-?i=!i^,W+.Kl) (3.40) 

^ _ _sini^iJLl2) _ coshi/x — ^. What is interesting in expression (|3.40j) is that it is written in terms of 
the generators of the CBn in the representation of Proposition 3.2. This will be used later while studying 
the symmetry of the open spin chain. 

3.4 Boundary non-local charges 

The presentation of section 3.3 relies mainly on abstract algebraic considerations, and as such it does 
not offer explicit expressions of the algebra generators, and consequently of conserved quantities that 
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determine the symmetry of the open spin chain (|c{.34jl . To obtain exphcit expressions of such quanti- 
ties we need to investigate the asymptotic behaviour of T H3.26() once the integrable boundary ()3.12|) is 
implemented. As in the bulk case the homogeneous and principal gradation will be examined and rep- 
resentations of generators of the reflection algebra will be obtained. Recall that the boundary non-local 
charges were derived for the Uq{sl2) case in and it turns out that they also generate the 

tridiagonal integrable structures as originally shown in [22j . We shall hereafter consider K^'''\X) = K{X) 
with K given by prT2|) and (|3H|) for the homo geneous and principal gradation correspondingly. 



♦ Homogeneous gradation: Recall that as A ^ oo the asymptotic behaviour of the monodromy ma- 
trix is given by ()2.48|1 . The asymptotics of C{X oo) on the other hand is provided by 

C{X ^ oo) cx = ^ eij (g) iij (3.41) 

i>j 

where the elements tij and their corresponding coproducts are derived in Appendix A HA.3|) . Then it 
follows that the asymptotics of T becomes (again here for simplicity the 'auxiliary' space index is 
suppressed from T (|3.25|1 and T ()3.26l) ') 

T(A oo) DC 

with T~^^^^ being a lower triangular matrix with entries belonging to 

f;+(^) = A(^)(t;,), i>j, T;t^'^^ = 0, i<j, i,je{l,...,n}. (3.43) 

The asymptotic behaviour of the K matrix (|3.12|1 is also needed (also here we consider the arbitrary 
boundary parameter m, C to be finite) 

K{X ^ oo) DC K+, (3.44) 

we write the non-zero entries of 

= 2coshi/im, K+=i^+=-i, K± = e'''"', j G {2, . . . , n - 1}. (3.45) 

We come now to our main aim, which is the formulation of the asymptotics of the operator T (|3.26j) . 

T(A^oo) ocT+(^). (3.46) 

Then from (|3.2(ij) and putting together (|2.49j) . (|3.43|) and (|3.45|) we conclude that the non-zero entries of 
T'^^^'^ are given by 

n-l 

i=2 

ra— 1 n— 1 

j=i j=i 

i G {2,...,n} 

T,t(^)=e-- X: T^I'^^T^r, k,le{2,...,n-l}. (3.47) 

j=max{k,l) 
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Notice that '^ij^^^ ai"e written exclusively in terms of tensor product realizations of the Uq{gln) elements, 

in particular T^^^^ € Uq{gln-2) A;, / € {2, . . . , n — 1}. The quantities presented in ()3.47|1 . the boundary 
non-local charges, form the boundary quantum algebra B{Uq{gln))- They are in fact its coproduct 
realizations. In particular, the corresponding exchange relations among the entries of ()3.47() are 
entailed from (|1.2j) as Aj — > oo, (no A dependence, homogeneous gradation) 

^12 ^1 ^12 ^2 — ^2 ^12 ^1 ^12 {6A6) 

where recall = VR^V. In fact, the later formula H3.48() is an immediate consequence of the affine 
Hecke algebraic relation (|H.2|) . More specifically, to obtain (|,'-{.48|) we consider p{gi) = U12 + q, where 
U is given in ((THJ, we act on ^6.2\ with V from the left and right, and set i^fg = ^12 pioi)^^: also 
T^'^^^ is a tensor representation of the generator g^. As we shall see later in section 5 the charges ()3.47|) 
commute with the open transfer matrix for special choice of the left boundary. This is the first time, 
to our knowledge, that explicit expressions of non-local charges associated to non-diagonal boundaries 
arising from (|1.2|) are derived for the Uq{gln) case. 

♦ Principal gradation: We come now to the study of the T asymptotics in the principal gradation. 
As in the bulk case to derive the boundary charge associated to the affine generators of A, it is conve- 
nient to consider the principal gradation. It suffices to focus here on the simplest non trivial case i.e. the 
Uq{gh), in order to derive the 'affine' boundary charge. 

The asymptotic behaviour of T (12.431) in the principal gradation is given by (|2.52j) . (|2.53|) . The 
asymptotics of C for the general Uq{gln) case is accordingly given by (keeping up to e ~ terms) 

C{X^oo)(x{D+ +e~^B+ + ...) (3.49) 

with the non-zero entries of given by 

Bt+l^ = U+lu Bt = ^in. (3.50) 

and consequently 

f (A ^ 00) oc (D+W + e-^^+W + . . .) (3.51) 
the non-zero entries of ^+(^) are also elements of defined below 

i - i , -Din - ^ [hn), (3.52) 

T^^^^ are given by 1)3. 43() . We shall also need the asymptotic behaviour of the K matrix associated to 
Uq{gh) in the principal gradation (|3.14|) 

00) cx (A; + e »/ + ...) (3.53) 

with 

/00-i\ /OO \ 

k = i e*^"* , / = . (3.54) 
\-iO 0/ \00 -2cosh2i/iC / 

Combining together equations 1)2. 52|) . 1)3. 5ip for n = 3, and ()3.53|1 . 1)3. 54(1 we conclude that T(A 00) 
behaves as: 

T(A ^ 00) a (Z)+(^) k Z)+(^) + e-f (Z)+(^) k + k + Z)+(^) / D+(^)) + . . .13.55) 
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Recalling the expressions of B+W, B+(^\ k and / we finally have 
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T-^^^^\ Tj^^^\ T^^^^ are given by (|3.47j) and for any n we define 



T+W = -2cosh2^K(T+r))^ - ^T+W i^^^ - ^iJ^^T+r^ 



(3.56) 



(3.57) 



Let us stress that the derivation of the boundary non-local charges is based on purely algebraic grounds, 
hence the form of the boundary non-local charges (|3.47|) . (|3.57|) is independent of the choice of represen- 
tation. By keeping higher order terms in the expansion 1)3. 55() other boundary non-local charges will be 
entailed, however this case will not be examined here (see e.g. [22| I25j). 



4 The symmetry for special boundary conditions 

In the previous section we were able to derive the boundary non-local charges as coproducts of the 
boundary quantum algebra (|3.47|) . We may simply write the abstract generators of the boundary quantum 
algebra B{Uq{gln)), corresponding to the particular choice of c-number K matrix H3.12() . using H3.47() . for 
N = 1 i.e. 

n-l 

Qii = 2 cosh i/im tn iu — itin in — itu ini + e*'^™ ^^^ij iji 

i=2 

n— 1 n— 1 

Qii = e'''™ hj iji - itu Li, Qii = e'^"" Yl ~ ' ^ 6 {2, • • • , 

j=i j=i 

n— 1 

QfcZ = e^^"^ Y tkjiji, k,le{2,...,n-l}. (4.1) 

j=max{k,l) 

notice in particular that Qki € Uq{gln~2) C Uq[gln) fc, / € {2, . . . , n — 1}, with the generators of Uq{gln-2) 
being 

Ci, /i, f G {2, ...,n-2} and g^' f G {2, . . . , n - 1}. (4.2) 
Furthermore, from ()3.57|) one more charge Qnm associated with the affine generators of A may be obtained 

Qnn — 2 cosh 2i/i(^ tfin inn Unn t\n ^^nl inn- (4-3) 

For the following we shall denote B = {Qij} ^ K. The elements Qij are equipped with a coprod- 
uct A : ;B ^ (g) >1 (see also ^^). In particular, A(Qjj) are obtained from (gTTJ), with 
tiji tij, — > A(ijj), A{tij). Bearing in mind expressions (|2.26|) . we may rewrite the L coproducts 
in a more convenient for what follows form given in Appendix C. It is clear via 1)4. 1() and ()2.49|1 . H3.43|) . 
(TOTl) . !^Umi that 

7:;(^) = aW(Q.,). (4.4) 
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From relations (|4.1|1 . by virtue of H2.3U|) and by defining 



hi = 7ro{hi), ie{l,...,n} (4.5) 

it can be deduced that 



vrA(Qii) = -2isinhi/i + e„i + ei„ + 2i sinhi^u e^'^'" Ve^j) 

vrA(Qii) = -2i sinh i {ie'^""" en + ein) 

TTxiQii) = -2isinhz/i (ie'^™eii + e„i), i G {2, . . . , n - 1} 

7r,(Q„„) = -2zsinh./.g(^"+^"")(^^^i^g^"+e-^^e„i + e2^eiO (4.6) 

notice also that 7r\{Qii) = (vr;s^(Qji))*. We shall also need the representations of the generators of 
Uq[gln-2) (!4.2|) . which are given by (|2.30|) . The latter charges (|4.6|) are similar, to the ones obtained 
in for the open Uq{gln) case with non-diagonal boundaries. In particular, the charges of ^3] may 
be simply expressed as linear combinations of (|4.6)) and the evaluation representation of the Uq{gln-2) 
generators H4.2() . The parametrization used in ^19^ is associated explicitly with the one of [S2]- Recall 



re-l 



that relations among the parameters used in [H2j (see also (|3.15|) ). and the parameters appearing in (|3.14|1 
are also provided in H3.17() . Note that in 'IS^ the charges were essentially conjectured, whereas here they 
are explicitly derived as the evaluation representations of the abstract objects ()4.1|) . (|4.3() . 

It is clear from the analysis of the previous section that ]K(A' oo) provide the charges (|4.1|) . (|4.3j) . 
Therefore, from H3.22() it is immediately entailed, 

7:^{y) K{\) = K{\)Ti_^{y), y e B. (4.7) 

However, we also verified the validity of ()4.7() by inspection. In fact, it can be explicitly shown that 
the K matrix (|3.12|) commutes with the Uq{gln-2) generators (|4.2|) in the evaluation representation. 
Consequently K commutes with the charges T^\{Qki)^ k, I € {2, . . . ,n — 2}. Similarly, the intertwining 
relations with the rest of the charges (|4.6|) may be verified by inspection. Since the K matrix commutes 
with all the generators of Uq{gln-2) we may consider that i3 consists essentially of Uq{gln-2) and the 
charges Qu, Qu and Qnn- As an immediate consequence of (|3.29j) we may finally write, 

(tta id®^) A'(^+i) (y) T{\) = T{\) (7r_A ® id^^) A'(^+i) [y), ye B. (4.8) 

The ultimate goal when dealing with a physical system such as a spin chain is to derive the existing 
symmetries, that is the set of conserved quantities. Having set all the necessary background we are now 
in the position to state the following propositions regarding the symmetry of the local Hamiltonian ()3.4U|) 
and the algebraic transfer matrix (|3.26|) . for special boundary conditions. 

Proposition 4.1. Representations of the boundary charges ^3.4'^ commute with the generators oJCBn 
given in the representation of Proposition 3.2 i.e. 

p(WO, ^^C?;;^"^^)] =0, 1€{0,...,N-1}. (4.9) 

Proof: Recall that all the boundary charges are expressed in terms of the Uq{gln) generators (see ()A.2|) . 
((S3Z1)), thus via it follows that (jUHl) is vahd for alU G 1, . . . iV - 1. 
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Now we need to prove (j4.9j) for / = 0. 

• = 1: First it can be directly shown for N 



1 by inspection via (lOHl) . (TnH) . (TTTni) . and (g^J that 



p{Uq) is Uq{gln~2) invariant. Then immediately one deduces that (|4.9jl is valid for all i, j € {2, , 



n - 



!}• 



i, j G {2, . . .n — 1} H3.47() are expressed exclusively in terms of the generators of 



Recall that 
Ug{gln^2) d- 

It can be also shown by inspection for iV = 1 via (EiH), (jXTU)) (Proposition 3.2) and that 
holds for the rest of the boundary charges. 

• V iV: By means of (jSHI), ^J^, (|221) and (L ^ A^) it follows that (|221) is valid for Z = V iV. 

This is consequence of the fact that the elements in the first site of (jCll) . are elements of B, the repre- 
sentations of which on End(C") commute anyway with (|3.9|1 (see (|2.37|) . ■ 

Corollary: The open spin chain Hamiltonian \'3.4U{) commutes with the representations of the boundary 
charges \S.4T\) 



0. 



(4.10) 



This is evident from the form of 7i 1)3.40(1 . which is expressed solely in terms of the representation p{Ui) 
of CBn- 

The aim now is to study the symmetry displayed by the open algebraic transfer matrix ()3.2(i|) for 
particular choices of boundary conditions. An effective way to achieve that is to exploit the existence 
of the relations (|4.8|) . Indeed, equations (|4.8j) turn out to play a crucial role, bearing explicit algebraic 
relations among the entries of the T matrix and the non-local charges 1)3. 47() (see also |16j^. We shall 
focus henceforth on the homogeneous gradation, however analogous results may be easily deduced for the 
principal gradation as well. Note also that in what follows we consider JC^'^ = I (homogeneous gradation). 
In the case we choose a different left boundary we shall explicitly state it. 
Let 



r(A) 



C21 A2 



B 
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Ci i— 1 A[ 



B 



Bm \ 

B2n 

B 



An—1 Bn^l n 
C-n n—1 An 



and t(A) = ^ (4.11) 



Then via and (|D.1() - (|D.3() we can prove that: 

Proposition 4.2. The open transfer matrix \3.2(^) . J^. j j| ) built with the K^^^ matrix \3.1'^) is Uq{gln-2) 
invariant i.e., 



t(A), Uq{gln-2) =0. 



Proof: Let us first introduce some useful notation, namely 



(4,12) 



4P' 

i+i 



= A(^)(e.), i?(f), = A(^)(/.). 



(4.13) 
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Consider now (|4.8jl for y = ej, j = {2, . . . n — 2} then by means of (|D.1|) we obtain the commutation 
relations: 



i+i' 



(iV) 



^2 



0, i / i, j + 1. 



Similarly, for y = fj, j = {2, . . . n — 2} in ()4.8() and by means of (|D.2|) : 



E^^^ A- 



Bj j+i{H 



(N) 



j+1 i 



5 -^j 



0, ^ / j, j + 1. 



'i i+i 



(4.14) 



(4.15) 



Finally, for y = q'^^ ■, j = {2, . . . n — 1}, and also for y = 2* , j = {2, . . . n — 2} in (|4.8j) we obtain via 



0, i, j G {1,... i ^ 1, n 



g±^(/ff))±le„-+i = g^^e„-+i(if, 
jG{2,...,n-2}. 

Then from (|4.14j) . (|4.15j) it follows that 



(4.16) 



(4.17) 



i=l 



and by virtue of H4.11() . 1)4. 16() . H4.17() we conclude that 



t(A), e'^^%\ = \t{X), E)l[ ^.J = 0, j G {2, . . . ,n - 2} 
t(A), Ef^A =0, je{2,...,n-l}. 



(4.18) 



Equations H4.18() show that the transfer matrix commutes with the coproduct representations of the 
Uq{gln-2) generators, and this concludes our proof. ■ 
In the case where K^'''^ = 1 the intertwining relations (|4.8|) hold for all the generators of Uq{gln), and 
therefore in the spirit of Proposition 4.2. it is straightforward to show that the transfer matrix is then 
Uq{gln) invariant, recovering the result of j49j . 

Proposition 4.3. The open transfer matrix YJ.2b]) commutes with all the non-local charges T'^^^'^ 



(iV) 



0. 



(4.19) 



Proof: The proof relies primarily on the existence of the generalized intertwining relations 1)4. 8() . In 
particular, the commutation of the transfer matrix with the last set Tj^^^^ , k, I ^ {2, . . . , n — 1} of (|3.47|) 
is a corollary of Proposition 4.2. Recall that these charges are expressed in terms of the generators of 

Uq{gln-2)- 
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Now our aim is to show the commutation of t(A) with the rest of the charges. To ihustrate the method 
we use the simplest example i.e. the Uq{gl^). In appendix D explicit expressions for representations of 
the fundamental objects A ^^^'^\Qij) are provided. Then via (|4.8|) for y = Q12, 1)4. 11(1 (for n = 3) and 
(ID. 51) we conclude 



•^2, J-12 



-12 



33 ' 



e"^ wq (_fc/22 j D12 -iq wHj^^ i/33 C32, 



+(N) 



12 



, c. 



21 



(JV)^2 
22 



^1 + g-ie^'^'"u;^2(£^2f V- (4-20) 



Similarly, via (|4.8j) for y = Q21 and (|4.1H) . (|D.5|) the following commutation relations are obtained: 



^1, 



21 



-{N) 



•^3, -'21 



^2, 'r. 



21 



e'^'^wq~\E^i^fC2i, 
-e wq L21 [E22 ) + iq wti23Eii i/33 , 



-IWHj-^^ £/33 D23 



21 



-(JV) 



12 



-ii^g-i-Bis^if 4f ^ + g-ie*'^™ti;^i(4^V + q-^e'^''^w{E[2^fA2. (4.21) 



For y = Qii we have by means of dHHI), (|4.1ip . ()D.5|) : 

-lyg 012-/21 +iwq h,-^^ £/33 +1(7^ t2i — iwq h,^^ £/33 C31, 



-42, ill 
-^3> -^ii 



-wqC2iT^2^''^ + Tz;gT2t(^)^i2 + e'^"^ w\E^^^ f A2 - e'^'^ A2{E)2; 
-^wqE[^^Ei^^B^s + iwqC3^E[^^Ei^\ 



(4.22) 



The following useful commutation relations are also valid, arising from ()4.8() for y = ^22 and y = tn t^s, 



9 i^ii -^^33 '-32 

-^11 -^33 ^23 - 



C32 -fc/11 i^33 , 



(ii;(f)2 ei2 = g^Si2 {E'^^>) 



iN)^2 



^33 



S23 



(N) ^{N) 



q\E^^^fC2l=C2l {E^22') 



{N)s2 



E 



^,33 ) ''^l 



Fa ' E 



33 ■ ' ^31 



0. 



Combining equations and (|I?TH)) . (|On)) - (|T^ we conclude 



t(A), T,^ 



t(A), T2I 



+{JV) 



t(A), Til 



0. 



(4.23) 



(4.24) 



The algebraic relations (|im)) - (|ITr)) . and also (|ITTH1) . are of the most important 

results of this article. Although the general Uq{gln) case is technically more complicated, it may be 
treated along the same lines. In particular, one may show recursively starting from Til^i up to T^^^"^ 
and finally for Tii^^-* by exploiting relations of the type (jUBI), (P3n|l - (IO!Tll that 



-{N) 



(N) 



t{X), Til 



(4.25) 



We can also get commutation relations between the affine generator Tnn^'^ (for any re) and the transfer 
matrix. Indeed it follows from (|4.8|) . (|D.4|) 

0, 



j G {2,...,n-l} 

>ln, r+(^)l =^wq-^ e-2^C„i 4f 4^^ " ^ ^ 9"^ e'^^^f 4^^ ^m, 



(4.26) 
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then by means of the following commutations 

and via (|1?TT|) . we conclude 

"t(A), r„+(^)l = 2iw sinh(2A + m/x) - C„i) ^Jf 4^). 



(4.27) 



(4.28) 



The transfer matrix commutes only with the 'non-affine' boundary generators, while it does not commute 
with the affine generator Tnn^'^ ■ This is also true when trivial boundary conditions are implemented i.e. 
K^'') = I, in this case as well the affine generators of Uq{gln) do not commute with the transfer matrix 
[49j . In both cases the open spin chain enjoys the symmetry associated to the non-affine generators. 
Relations of the type (|4.8|) may be also used for studying the symmetries discussed in jSl] for the special 
case where K^'^^ is diagonal. Let us briefly review what is known up to date on the symmetries of open 
spin chains, with i^(')(A) = I (homogeneous gradation): 

• K^^\X) = I. The transfer matrix then enjoys the Uq{gln) symmetry as shown on '48', In fact 
this case may be easily studied in our framework as a limit of the solution (IIH2I) as \(^\ — > oo. 



i^M(A) = diag(^a,...,a, /?,..., 



/ n — I 

with a(A; ^) = sinh(— A + i/x^) e^, /3(A; ^) = sinh(A + ijj,^,) e~^, where ^ is an arbitrary boundary 
parameter 33 . In this case it was shown in that the symmetry of the open transfer matrix is 

Ug{gli)®Ug{gln^i). 



K^^'\X) is given by 1)3. 12(1 . then as we proved in Propositions 4.2 and 4.3 the symmetry displayed 

oo) (Tmi) . 



by the transfer matrix is associated to the boundary non-local charges (|3.4 



Let us at this point deal with a different left boundary i.e. K^^\X) = K{—X 
then we can explicitly write 

i^(')(A) OC diag(e"2A-iMn^ ^-2X-ii^n ^ ^ ^ ^ ^ ^-2X-ii^n ^ ^2\+i^n^ 

Recalling (|4.1H) and also using (|3.2(i|) and (|4.29|) we can write 

n-l 

t{X) = e-'^^-'^Ax + e^^^'^An + e'^^ ^ q^^^+^Aj. 

i=2 

Then by virtue of KWi - KWi . ^^TM . ^^TM and KMi we conclude that: 



(4.29) 



(4.30) 



t(A), Uqigl 



n-2. 



0. 



(4.31) 



Appropriate choice of the left boundary leads to the commutation of the transfer matrix with the non- 
local charge associated to the afhne generators of Uq{gln)- Although the Uq{gln-2) symmetry is still 
preserved in the presence of the non-trivial left boundary 1)4. 29() . the transfer matrix does not commute 
anymore with each one of the charges T^^^ , '^ji^^^ (^®® ^-S- (|4-2()|) - (|4.22j) V Let us point out that the 
discovered symmetries (|4.18p . 1)4. 25() . (|4.3H) are independent of the choice of representation, and thus 
they have a universal character. 
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Similar commutation relations may be entailed for the transfer matrix in the principal gradation by 
virtue of the gauge transformation (|2.13|) . Recall the transfer matrix in the principal gradation is 

t(P\X)=Tro {<)(A) tJ^)(A)} (4.32) 

where T^p^ is given by (|3.28|) . In the case where -fC^'^ is diagonal the transfer matrix can be written as 
combination of the diagonal entries of T. However, the exchange relations between Aj and the charges 
T^^^^-* are given by (|im)) - (|^rT^ . then the commutators between t^^) and ^j'^^'' may be 

immediately deduced. 

The implementation of a more general left boundary, K^^^ non-diagonal 1)3. 12() . leads in principle to a 
modified set of conserved quantities, and hence the symmetry of the system is modified. The treatment 
of the general case is straightforward along the lines described in this section. In particular, given a more 
general choice of non-diagonal left boundary, in both gradations, the transfer matrix may be written as 
a combination of all entries of T (|4.11j) . In this case one has to exploit the exchange relations between 
all the entries of T and T^^^'' (see e.g. (|4.14() - (|4.16() . ()4.2U|) ~ H4.23() 1 in order to derive the commutators 
between t{\) and the boundary non-local charges. 

It is worth pointing out the significance of the method demonstrated here for the investigation of 
the open transfer matrix symmetry. Usually the study of the symmetry of an open transfer matrix (see 
e.g. j34| I49j ) relies primarily on the fact that the monodromy matrix T (T) reduces to upper (lower) 
triangular matrix as A — > oo, which facilitates enormously the algebraic manipulations. There exist 
however cases where the monodromy matrix does not reduce to such a convenient form as A ^ oo (see 
e.g. iSSj)- In these cases the most effective way to investigate the corresponding symmetry is the method 
presented in JH]; and in the present article in the context of integrable open quantum spin chains. More 
specifically, one should derive in some way (e.g. by direct computation) linear intertwining relations 
of the type (|4.8|) . by means of which exchange relations between the entries of transfer matrix and the 
corresponding non-local charges can be deduced (see e.g. (|I?TI)) - (|CTr|) . (|On|) - (|T^ . (|T^ - (|07|) '). 
enabling the derivation of the set of conserved quantities (see e.g. ()4.19() . ()4.31() ). All the mentioned 
relations (jI?TH) - (|lT7|) . (|On|) - (jI?^ . are manifestly exchange relations of the reflection 

algebra, since 1)3. 29(1 . 1)4. 8|) are immediate consequences of the defining equation (|1.2() . 

5 Comments 

We would like to comment on some open problems that are worth pursuing in the spirit of the present 
analysis. 

The existence of other representations of quotients of the affine Hecke algebra that provide solutions 
to the refiection equation is also an interesting direction to be explored. For instance the generalization 
of the 'twin' representation proposed in jl31ll4j is an intriguing problem. What makes this representation 
especially appealing is the fact that offers a novel approach on the understanding of boundary phenomena 
in the context of integrable systems as pointed out in |141 158| . In addition, such a representation can not 
be attained in a straightforward manner by means of the quantum group scheme (for more details see 
e.g. 1 141 158j ). an evidence that further supports the Hecke algebraic approach in solving the reflection 
equation. It would be also instructive to identify the representations of the affine Hecke algebra, that give 
rise to more general solutions of tlie reflection ec[Ucition, for the Uqi^gln ) case, recently derived in |H!H inn]. 

Recall that here essentially we considered the left boundary trivial. Based on the affine Hecke algebra 
it would be interesting to generalize the analysis presented in jHJ on the spectrum of the non-local 
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charges (|3.47|) . for various values of the parameters of the -B-type Hecke algebra. In the case where the 
left boundary of the spin chain is also non-trivial one needs to introduce an additional generator to the 
affine Hecke algebra, corresponding to the left boundary, and proceed generalizing the approach described 
in [621 163j to higher rank algebras. 

A natural question raised is what is the analogue of the affine Hecke algebra in the case of SNP 
boundary conditions. A possible guess is that it should be a generalization of a Birman-Wenzl-Murakami 
type algebra [HI] including generators that correspond to the boundaries. Note also that for both SP and 
SNP boundary conditions the derivation of higher non-local conserved charges is an intricate problem 
that needs to be further explored (see e.g. jmUS]). In particular, the crucial point is to identify the 
higher rank generalization of the infinite dimensional algebra discovered in with elements (|H.47j) . 
H3.57|) together with higher order non-local charges. 

Finally, the formulation of a field theory with SP boundary conditions is a problem worth investi- 
gating. As mentioned already in the introduction the known boundary conditions from the field theory 
point of view are the SNP ones. They were introduced and studied at the classical level in j^S], and 
the corresponding K matrices were obtained for the first time in jSS]- Also in !TH^ the corresponding 
boundary non-local charges and K matrices were derived. It is our intention to examine this case and 
derive directly the quantum non-local charges for the SNP boundary conditions from the spin chain point 
of view ISTJ-IMl, li- 

We hope to address the aforementioned issues in full detail in forthcoming works. 
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A Appendix 

In this appendix we shall introduce some useful quantities (elements of A), and we shall also derive the 
corresponding coproducts. 

It will be convenient for our purposes here to rewrite £ij (|2.23|) . in a slightly different form, and also 
introduce Sij defined by the recursive relations: 
Si j+i = i € {1, . . . , n — 1}, and for \i — j\ > 1 

^ max(i, — l 

Vr J , ■ /■ ■\ , -I 

k=mm(i, J)+1 
^ maxii, — l 

~ (\ - - -| _ Tl (^ik £kj — Q^^Skj Sik), j ^ k ^i, 

k=mm(i, Jj+l 

i, j G {!,..., n}. (A.l) 

Also define 

_i li H — 1 —li. —IL 

tij = 2smhifi q 2q2q2 g-^^ i < j, tj,- = — 2sinhi/i qzgi 2q 2 gj-^ i>j 
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tij = 2 smh I fi q 2q2q2 £j-^ i > J, t,-j = —2smhiiiq2q 2q 2 i < J, 

^ — — — — n —- — — 

tin = 2smhi^ q 252^2 e„, = 2 smh z/i g 2^2 g 2 ^, 



= -2smhz/i g2g 2g 2 e„, = -2smhz// g2g 2 g 2 

= tn = (t,^)-' = (tii)-' = (A.2) 

The interesting feature of the elements tij, tij is that they form, as shown exphcitly below, very simple 
coproduct expressions compatible with ()2.24|) A : A ^ A(i^ A i.e., 

j j j 

k=i k=i k=i 

(the coproduct is omitted for brevity and we never actually use it in the present analysis). The 

coproducts ()A.3|) are restricted to the non-affine case, whereas for the elements t^^, f^^, which are related 
to the affine generators the coproducts read as: 

A(y) = til (g) y + y (g) t„„, y G {C t°i} (A.4) 

(similarly we omit A(t^j)). 

We shall now derive the coproducts of the elements \A.1\ and subsequently tij (|A.2|) . 
The following summation identities, which may be shown by induction, will be useful for both appendices 
A and C: 

j=i 2^k=i Jjk — l^j=k l^k=iJjk ) 2^j=i Z^k=j Jjk — 2^j=i 2^k=iJjk- 

Define also: w = 2 sinhi//. 
We shall first show that: 

^3 — ^3 1 V — ^ ^ 3 ~ ^ k e^ — 

A{Sij) = q ~ 1^ + ^ q^^ + q-2w 2^ q ~ £ik q^^— g^j^ i _ j > 1. (A.5) 

k=j+i 

We shall proceed with the proof by induction. 

1. The first step is to show (|A.5|) for i — j = 2, indeed from the definition HA.1|) we have that (we use 
^ij, i > j for the proof, but the process is similar for £ij and £ij, i < j) 

A{£i+2 i) = A{£i+2 i+i) A{£i+i i) - q-^A{£i+i i) A{£i+2 (A.6) 

but the coproduts of £i-^i i = fi are given by 1)2. 24(1 so by substituting expressions from in (TOl) 

and also taking into account relations (|2.21|) and (|2.22j) we obtain after some algebra 

^{£i+2 i) = q 2 (g £:._^2 i + £i+2 i ® q ^ + q-2w q 2 £^^2 i+i ® q ^ £-_^^i .. (a.7) 

2. In the second step we assume that (jA.Sp is true for all i — j < m, m > 2 and 

3. we shall prove that (|A.5|) is valid for i—j = m. The proof is straightforward, from l\A.l\\ by substituting 
A{£kj) and A{£ik) from (|A.5|) we have that A{£ij), i — j = m is : 

^ i—l i~l 

— ry 2^ [[^ ~ (g,£^j^ + £^j^(g,q^^ Jrq~2w 2^ q ~ £ii (g> q^~ £ikj 

k=j+l l=k+l 

k—1 

x{q 2 £kj + £kj q +q 2w q 2 £^11 q 2 £i,- 

l'=j+i 

-\' 



-q 



(A. 
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then by using and (i) we conclude 



i-l 

,1 W \ - _fiZf* 



q 2 (Xi + ti,- g 2 + g 2 > q ^ tik^q 2 £kj 

m — 1 ^ 

k=j+i 

i-l i-l 

l'=j+l k=l'+l 
i-l l-l 

+ g 2 — — - 2^ 2^ q £ii(S>q 2 [8ik£kj - q £kj£ik) ■ (A.9) 
l=j+l k=j+l 

Finally by multiplying and dividing the last two terms in the latter expression by (i — l' — l) and {l — j — I) 
respectively and by virtue of ()A.1|) . after adding the last three terms in (|A.9|) . we end up to (|A.5|) for 
i — j = m. m 
The proof is analogous for A(£ij), i.e. 

j-i 

A{£ij) = q~^^ ® iij + iij g^2^ + q'^w ^ q'~^£kj ® q~^ £ik, j - i > 1. (A.IO) 

k=i+l 

Now we can show the coproduct expressions for tij and Uj (|A.3|) . From equation ()A.2|) it follows for 
i < j that 



^{Uj) = q'^^w [q~^ ® q~^j [q 2- (g) + £-jj + q-2w q ~ £jk ® g^~'?fcj()^-ll) 

k=i+l 

and by virtue of HA.2|) we conclude 
A similar proof holds for A(tjj). 

B Appendix 

We shall compute in this appendix the quantity tr^ Mq Uno- Recall that Uno = Uo]\f{q — > q^^) (|2.8I) 
then 

n N 

Mo Um = E I) {hi eik - q'^''^''-'^ hk ® eu). (B.l) 

i=l k=/=l=l 

Recalling also the basic property: iij Ski = 6kj eu we obtain 

n 

Mo Um = E ® ezfc - q"^^^'-'hkk ® e«)- (B.2) 

ky^l = l 
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Now we need to compute the trace of (|B.2() which reads: 

k^l 

l—ln n 



Y.T.I''-"' ^n- E E«""''^'^« 

k=l 1=1 k=l+l 1=1 

n 



sinh i/i(n — 1) 
sinh z/x 



Y^ii (B.3) 



1=1 



but Er=ie«/ = 

Finally the constant cq appearing in H3.39() can be derived, indeed from M in the homogeneous gradation 
(ITTHl) it follows iro Mq = and finally via (jSSHl), (TOl) we conclude that 

CO = 

sinh i//n 



C Appendix 

In this appendix we present explicit expressions for the L coproducts for the charges ()4.ip . H4.3() . In 
particular, taking into account the expressions (EU), (lOl) {tij,iij A^^\tij),A''^\iij)), the coproducts 
H2.24() . and the identities (i) defined in Appendix A we can write 

n—l n—1 j j 

fc=i j=i A;=2 i=i 

ra— 1 n—l j j 

A(^)(Q.i) = E ^ A(^-^)(t,fc)A(^-i)(tn) + e^^'" E E E ^'^i*'^'' ® A(^-i)(t,fc)A(^-i)(tn) 

fc=i j=i k=i 1=2 

- itnnhl ® A(^-1) A(^-^) (til) 

ra— 1 ra— 1 

A(^)(Qii) = E 2u. ^ A(^-i)(tn)A(^-i)(4i) + E Q'^i ® A(^-i)(tifc)A(^-i)(tn) 

fc=l fe=2 
n-1 j i 

+ e^Mrra Y^Y^Yl ^^^^^^ ® A(^-i)(tife)A(^-i)(tn) 

j=2 k=2 1=2 

- itutnn ® (A(^-i)(ti„)A(^-i)(tn) + A(^-i)(tn)A(^-i)(t„i)) 

A(^)(Q„„) = {Qnn + 2cOsh2ifiCtutnn)^{A^^'^\tnn)f + tutnn^A'-^~^\Qnn). (C.l) 

Similar expressions may be derived for the A'^^-* coproducts via (|2.25|) . (|2.26|) . 
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D Appendix 



It is instructive to present the elements (tta id®^)A'(^+i)(ei), (tta » id^^)A'(^+^) (/i) i e {l,...n-l} 
in a matrix form 



(7r,0id®^)A'(^+i)(e, 



\ 



(Hi 



1 ^^i i+1 



V 



(D.l) 



(7r,®id^^)A'(^+i)(/- 



i^^/ 
••• \ 



[H. 



9 " i 



{i + 1, i) 



V 







(D.2) 



and finally 



>A®id^^)A'(^+i)(g^>; 



kl 



(D.3) 



Note that the corresponding expressions for the affine generators e„ and /„, have a similar form with 
HD.1|) . ()D.2|) but with the element e^"^^ (i^i^^)~2 being at the positions (n, 1) and (1, n), and the 
factors multiplying the first and the last of the diagonal elements e'^^'* = -k®^ {/\^^\en)) and 
^o(7V) ^ ^®A.(A(A^)(/„)) respectively. 

We can also easily write down the expression for (vr;^ id'^^)A'(^+^) (Q„„) for any n, i.e. 



(7rA0id^^)A'(^+i)(Q, 












(N) 



(TV) 



-ze 








/ 

(D^) 

Let us finally give explicit expressions of representations of the boundary charges associated to the Uq{gl^) 
case, i.e. from ()2.3U() . (|C.1|) we get 



(7r,0id^^)A'(^+i)(Qn) 



-(iV) 



11 



30 



(vr,®id^^)A'(^+i)(Qi2) 





(7rA0id^^)A'(^+i)(Q2i) 



.r,t(") 



(D.5) 
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